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The relativistic interacting quark-diquark model of baryons, recently developed, is here extended
to introduce a spin-isospin transition interaction into the mass operator. The refined version of
the model is used to calculate the non strange baryon spectrum. The results are compared to the
present experimental data.
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I. INTRODUCTION
According to quark models (QM’s) [1–6], baryons can
be described as the bound states of three constituent
quarks. These are effective degrees of freedom that mimic
the three valence quarks inside baryons, with a sea of
gluons and qq¯ sea pairs. The light baryons can then be
ordered according to the approximate SUf(3) symmetry
into the multiplets [1]A ⊕ [8]M ⊕ [8]M ⊕ [10]S. QM’s ex-
plain quite well several properties of baryons, such as the
strong decays and the magnetic moments. Nevertheless,
they predict a larger number of states than the exper-
imentally observed ones (the missing resonances prob-
lem) and states with certain quantum numbers appear in
the spectrum at excitation energies much lower than pre-
dicted [7]. The problem of the missing resonances [7–9]
has motivated the realization of several experiments, such
as CB-ELSA [10], TAPS [11], GRAAL [12], SAPHIR [13]
and CLAS [14], which only provided a few weak indica-
tions about some states. Indeed, even if several experi-
ments have been dedicated to the search of missing states,
just a small number of new resonances has been included
into the PDG [7].
There are two possible explanations to the puzzle of
the missing resonances: 1) There may be resonances very
weakly coupled to the single pion, but with higher prob-
abilities of decaying into two or more pions or into other
mesons [7–9]. The detection of such states is further com-
plicated by the problem of the separation of the experi-
mental data from the background and by the expansion
of the differential cross section into many partial waves;
2) Alternately, it is possible to consider models that are
characterized by a smaller number of effective degrees
of freedom with respect to the three quarks QM’s and
to assume that the majority of the missing states, not
yet experimentally observed, simply may not exist. This
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is the case of quark-diquark models [15–26], where two
quarks are strongly correlated and thus the state space
is heavily reduced.
In quark-diquark models, the effective degrees of free-
dom of diquarks are introduced to describe baryons as
bound states of a constituent diquark and quark [15].
The notion of diquark dates back to 1964, when its possi-
bility was mentioned by Gell-Mann [27] in his original pa-
per on quarks. Since then, many papers have been writ-
ten on this topic (for a review see Ref. [16]) and, more
recently, the diquark concept has been applied to vari-
ous calculations [17–26, 28–37]. Important phenomeno-
logical indications for diquark-like correlations have been
collected [17, 19, 38, 39] and indications for diquark con-
finement have also been provided [40]. This makes plausi-
bly enough to make diquarks a part of the baryon’s wave
function.
In Ref. [20], one of us developed an nonrelativistic
interacting quark-diquark model, i.e. a potential model
based on the effective degrees of freedom of a constituent
quark and diquark. In Ref. [24], it was ”relativized”
and reformulated within the point form formalism [41].
In Ref. [25], we used the wave functions of Ref. [24] to
compute the nucleon electromagnetic form factors. Here,
we intend to improve the ”relativized” model [24, 25] and
compute the non strange baryon spectrum within point
form dynamics.
Even if our previous results for the non strange baryon
spectrum [24] were in general quite good, here we in-
tend to show how the introduction of a spin-isospin tran-
sition interaction, inducing the mixing between quark-
scalar diquark and quark-axial-vector diquark states in
the nucleon wave function, can further improve them, as
already suggested in Ref. [20]. Scalar and axial-vector
diquarks are two correlated quarks in S wave with spin
0 or 1, respectively [17, 18]. In a following paper, we
will use the new wave functions, obtained by solving the
eigenvalue problem of the mass operator of the present
model, to compute the nucleon electromagnetic form fac-
tors and the elicity amplitudes.
2II. THE MASS OPERATOR
We consider a quark-diquark system, where ~r is the
relative coordinate between the two constituents and ~q is
the conjugate momentum to ~r. We propose a relativistic
quark-diquark model, based on the following baryon rest
frame mass operator
M = E0 +
√
~q 2 +m21 +
√
~q 2 +m22 +Mdir(r)
+ Mcont(q, r) +Mex(r) +Mtr(r) ,
(1)
where E0 is a constant,Mdir(r) andMex(r) respectively
the direct and the exchange diquark-quark interaction,
m1 and m2 stand for diquark and quark masses, where
m1 is either mS ormAV according if the part of the mass
operator diagonal in the diquark spin [i.e. the whole mass
operator of Eq. (1) without the interaction Mtr(r)] acts
on a scalar or an axial-vector diquark [17, 18, 42–52],
Mcont(q, r) is a contact interaction andMtr(r) is a spin-
isospin transition interaction.
The direct term is a Coulomb-like interaction with a
cut off plus a linear confinement term
Mdir(r) = −
τ
r
(
1− e−µr
)
+ βr . (2)
One needs also an exchange interaction [20, 53], since
this is the crucial ingredient of a quark-diquark descrip-
tion of baryons. We have
Mex(r) = (−1)
l+1e−σr
[
AS ~s1 · ~s2 +AI ~t1 · ~t2
+ ASI ~s1 · ~s2 ~t1 · ~t2
]
, (3)
where ~s and ~t are the spin and the isospin operators.
Moreover, we consider a contact interaction similar to
that introduced by Godfrey and Isgur [54]
Mcont =
(
m1m2
E1E2
)1/2
η3D
π3/2
e−η
2r2 δL,0δs1,1
(
m1m2
E1E2
)1/2
,
(4)
whereEi =
√
~q 2 +m2i (i = 1, 2), η andD are parameters
of the model.
Finally we consider a spin-isospin transition interac-
tion, Mtr(r), in order to mix quark-scalar diquark and
quark-axial-vector diquark states. Mtr(r) is chosen as
Mtr(r) = V0 e
−
1
2
ν2r2(~s2 · ~S)(~t2 · ~T ) , (5)
where V0 and ν are free parameters. The matrix elements
of the spin transition operator, ~S, are defined as:
〈 s′1,m
′
s1 |S
[1]
µ |s1,ms1〉 6= 0 for s
′
1 6= s1 , (6a)
where
〈1‖S1 ‖0〉 = 1 , (6b)
〈0‖S1 ‖1〉 = −1 (6c)
and the same holds for those of the isospin transition
operator, ~T . Thus one has:
〈Φ′|Mtr |Φ〉 =
1
4V0δs′1,s1±1δS 12
δt′
1
,t1±1δT 1
2
× 〈Φ′(~r)| e−
1
2
ν2r2 |Φ(~r)〉 ,
(7)
where Φ(~r) stands for the spatial wave function of the
generic state, |Φ〉.
The mass formula of the previous version of the rela-
tivistic quark-diquark model [24] is
M = E0 +
√
~q 2 +m21 +
√
~q 2 +m22 −
τ
r (1− e
−µr) + βr +
(
m1m2
E1E2
)1/2+ǫ
η3D
π3/2
e−η
2r2 δL,0δs1,1
(
m1m2
E1E2
)1/2+ǫ
+ (−1)l+1e−σr
[
AS ~s1 · ~s2 +AI ~t1 · ~t2 +ASI ~s1 · ~s2 ~t1 · ~t2
]
.
(8)
The main difference between the mass operator of Eq.
(1) and that of Eq. (8) [24] is the presence of the spin-
isospin transition interaction Mtr in Eq. (1). Mtr(r)
is introduced to improve the description of the electro-
magnetic elastic form factors of the nucleon [25, 55]. In-
deed, Mtr(r) makes it possible to have a nucleon wave
function with a quark-axial-vector diquark component in
addition to the quark-scalar diquark one. At the same
time,Mtr(r) significantly improves the description of the
non strange baryon spectrum [24] (see Fig. 1).
One can also notice that the values of the model pa-
rameters change significantly from those of Ref. [24, 25]
after the introduction of the interaction (5) into the mass
formula. In particular, one can see that the masses of the
two constituents (the quark and the diquark) are now
smaller than before, which is good in a relativistic QM,
and the mass difference between the scalar and the axial-
vector diquark is smaller too (it goes from 350 MeV to
210 MeV). The same happens for the string tension, that
goes from 2.15 fm−2 to 1.57 fm−2.
It is worth noting that the number of model parame-
ters increases only by one, since there are two new pa-
rameters, V0 and ν [see Eq. (5)], while the parameter
ǫ of the contact interaction [see Eqs. (4) and (8)] has
been removed. Finally, it has to be noted that in the
present work all the calculations are performed without
any perturbative approximation, as in Ref. [24].
The eigenfunctions of the mass operator of Eq. (1) can
3mq = 140 MeV mS = 150 MeV mAV = 360 MeV
τ = 1.23 µ = 125 fm−1 β = 1.57 fm−2
AS = 125 MeV AI = 85 MeV ASI = 350 MeV
σ = 0.60 fm−1 E0 = 826 MeV D = 2.00 fm
2
η = 10.0 fm−1 V0 = 1450 MeV ν = 0.35 fm
−1
TABLE I: Resulting values for the model parameters.
be thought as eigenstates of the mass operator with in-
teraction in a Bakamjian-Thomas construction [56]. The
interaction is introduced adding an interaction term to
the free mass operatorM0 =
√
~q 2 +m21+
√
~q 2 +m22, in
such a way that the interaction commutes with the non
interacting Lorenz generators and with the non interact-
ing four velocity [57].
The dynamics is given by a point form Bakamjian-
Thomas construction. Point formmeans that the Lorentz
group is kinematic. Furthermore, since we are doing a
point form Bakamjian-Thomas construction, here P =
MV0 where V0 is the noninteracting four-velocity (whose
eigenvalue is v).
The general quark-diquark state, defined on the prod-
uct space H1 ⊗ H2 of the one-particle spin s1 (0 or 1)
and spin s2 (1/2) positive energy representations H1 =
L2(R3)⊗S01 orH1 = L
2(R3)⊗S11 andH2 = L
2(R3)⊗S
1/2
2
of the Poincare´ Group, can be written as [24]
|p1, p2, λ1, λ2〉 , (9)
where p1 and p2 are the four-momenta of the diquark and
the quark, respectively, while λ1 and λ2 are, respectively,
the z-projections of their spins.
We introduce the velocity states as [24, 41]
|v,~k1, λ1, ~k2, λ2〉 = UB(v)|k1, s1, λ1, k2, s2, λ2〉0 , (10)
where the suffix 0 means that the diquark and the quark
three-momenta ~k1 and ~k2, called internal momenta, sat-
isfy:
~k1 + ~k2 = 0 . (11)
Following the standard rules of the point form approach,
the boost operator UB(v) is taken as a canonical one,
obtaining that the transformed four-momenta are given
by p1,2 = B(v)k1,2 and satisfy the point form relation
p
µ
1 + p
µ
2 =
P
µ
N
MN
(√
~q 2 +m21 +
√
~q 2 +m22
)
, (12)
where PµN is the observed nucleon four-momentum and
MN is its mass. It is worthwhile noting that Eq. (10) re-
defines the single particle spins. Having applied canonical
boosts, the conditions for a point form approach [41, 58]
are satisfied. Therefore, the spins on the left hand state
of Eq. (10) perform the same Wigner rotations as ~k1 and
~k2, allowing to couple the spin and the orbital angular
momentum as in the non relativistic case [41], while the
spins in the ket on the right hand of Eq. (10) undergo
the single particle Wigner rotations.
In Point form dynamics, Eq. (1) corresponds to a good
mass operator since it commutes with the Lorentz gen-
erators and with the four velocity. We diagonalize Eq.
(1) in the Hilbert space spanned by the velocity states.
Finally, instead of the internal momenta ~k1 and ~k2 we
use the relative momentum ~q, conjugate to the relative
coordinate ~r = ~r1 − ~r2, thus considering the following
velocity basis states:
|v, ~q, λ1, λ2〉 = UB(v)|k1, s1, λ1, k2, s2, λ2〉0 . (13)
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FIG. 1: (Color online) Comparison between the calculated
masses (black lines) of the 3∗ and 4∗ non strange baryon res-
onances (up to 2 GeV) and the experimental masses from
PDG [7] (boxes).
III. RESULTS AND DISCUSSION
Figure 1 and Table II show the comparison between the
experimental data [7, 59] and the results of our quark-
diquark model calculation, obtained with the set of pa-
rameters of Table I. In addition to the experimental data
from PDG [7], we also consider the latest multi-channel
Bonn-Gatchina partial wave analysis results, including
data from Crystal Barrel/TAPS at ELSA and other lab-
oratories [59]. In particular, these data differ from those
of the PDG [7] in the case of the ∆(1940)D33.
The spin-isospin transition interaction of Eq. (5)
mixes quark-scalar diquark and quark-axial-vector di-
quark states, i.e. states with s1 = 0 (t1 = 0) and s1 = 1
(t1 = 1), whose total spin (isospin) is S =
1
2 (T =
1
2 ).
Thus, in this version of the model the nucleon state, as
well as states such as the D13(1520), the S11(1535) and
the P11(1440), contains both a s1 = 0 and a s1 = 1
component. In particular, the nucleon state, obtained by
solving the eigenvalue problem of Eq. (1), in a schematic
notation can be written as:
|N〉 = 0.727 |qDS , L = 0〉+ 0.687 |qDAV , L = 0〉 , (14)
4Resonance Status Mexp. JP LP S s1 nr M
calc.
(MeV) (MeV)
N(939) P11 **** 939
1
2
+
0+ 1
2
0,1 0 939
N(1440) P11 **** 1420 - 1470
1
2
+
0+ 1
2
0,1 1 1412
N(1520) D13 **** 1515 - 1525
3
2
−
1− 1
2
0,1 0 1533
N(1535) S11 **** 1525 - 1545
1
2
−
1− 1
2
0,1 0 1533
N(1650) S11 **** 1645 - 1670
1
2
−
1− 3
2
1 0 1667
N(1675) D15 **** 1670 - 1680
5
2
−
1− 3
2
1 0 1667
N(1680) F15 **** 1680 - 1690
5
2
+
2+ 1
2
0,1 0 1694
N(1700) D13 *** 1650 - 1750
3
2
−
1− 3
2
1 0 1667
N(1710) P11 *** 1680 - 1740
1
2
+
0+ 1
2
0,1 2 1639
N(1720) P13 **** 1700 - 1750
3
2
+
2+ 1
2
0,1 0 1694
N(1875) D13 *** 1820 - 1920
3
2
−
1− 1
2
0,1 1 1866
N(1880) P11 ** 1835 - 1905
1
2
+
0+ 1
2
0,1 3 1786
N(1895) S11 ** 1880 - 1910
1
2
−
1− 1
2
0,1 1 1866
N(1900) P13 *** 1875 - 1935
3
2
+
0+ 3
2
0 0 1780
missing – – 3
2
+
2+ 1
2
0,1 1 1990
N(2000) F15 ** 1950 - 2150
5
2
+
2+ 1
2
0,1 1 1990
∆(1232) P33 **** 1230 - 1234
3
2
+
0+ 3
2
1 0 1236
∆(1600) P33 *** 1500 - 1700
3
2
+
0+ 3
2
1 1 1687
∆(1620) S31 **** 1600 - 1660
1
2
−
1− 1
2
1 0 1600
∆(1700) D33 **** 1670 - 1750
3
2
−
1− 1
2
1 0 1600
∆(1750) P31 * 1708 - 1780
1
2
+
0+ 1
2
1 0 1857
∆(1900) S31 ** 1840 - 1920
1
2
−
1− 1
2
1 1 1963
∆(1905) F35 **** 1855 - 1910
5
2
+
2+ 3
2
1 0 1958
∆(1910) P31 **** 1860 - 1920
1
2
+
2+ 3
2
1 0 1958
∆(1920) P33 *** 1900 - 1970
3
2
+
2+ 3
2
1 0 1958
∆(1930) D35 *** 1900 - 2000
5
2
−
1− 3
2
1 0 2064
∆(1940) D33 ** 1940 - 2060
3
2
−
1− 1
2
1 1 1963
∆(1950) F37 **** 1915 - 1950
7
2
+
2+ 3
2
1 0 1958
TABLE II: Comparison between the experimental [7] values of
non strange baryon resonances masses (up to 2 GeV) and the
numerical ones (all values are expressed in MeV ). Tentative
assignments of 2∗ and 1∗ resonances are shown in the second
part of the table. JP and LP are respectively the total angular
momentum and the orbital angular momentum of the baryon,
including the parity P ; S is the total spin, obtained coupling
the spin of the diquark s1 and that of the quark; finally nr is
the number of nodes in the radial wave function.
where DS and DAV stand for the scalar and axial-vector
diquarks, respectively, and q for the quark. The radial
wave functions (in momentum space) of the quark-scalar
diquark [ΦS(q)] and quark-axial-vector diquark [ΦAV (q)]
systems of Eq. (14), obtained by solving the eigenvalue
problem of Eq. (1), can be fitted by harmonic oscillator
wave functions
ΦS(q) =
2α
3/2
S
π1/4
e−
1
2
α2Sq
2
, (15a)
mS (MeV) mAV −mS (MeV) Source
730 210 Bloch et al. [29]
750÷860 10÷170 Oettel et al. [32]
- 290 Wilczek [18]
- 210 Jaffe [17]
600 350 Ferretti et al. [24]
852 224 Galata and Santopinto [26]
- 200÷300 Lichtenberg et al. [42]
770 140 de Castro et al. [43]
420 520 Scha¨fer et al. [44]
692 330 Cahill et al. [45]
595 205 Lichtenberg et al. [46]
737 212 Burden et al. [47]
688 202 Maris [48]
- 360 Orginos [49]
750 100 Flambaum et al. [50]
590 210
- 162 Babich et al. [51]
- 270 Eichmann et al. [52]
740 210 Hecht et al. [62]
- 135 Santopinto and Galata [63]
710 199 Ebert et al. [64]
– 183 Chakrabarti et al. [65]
780 280 Roberts et al. [66]
150 210 This work
TABLE III: Mass difference (in MeV) between scalar and
axial-vector diquarks, according to some previous studies.
ΦAV (q) =
2α
3/2
AV
π1/4
e−
1
2
α2AV q
2
, (15b)
with αS = 3.29 GeV
−1 and αAV = 3.04 GeV
−1. This
parametrization can then be used to compute observ-
ables, such as the nucleon electromagnetic form factors.
The introduction of the interaction of Eq. (5) deter-
mines an improvement in the overall quality of the re-
production of the experimental data (considering only 3∗
and 4∗ resonances), with respect to that obtained with
the previous version of this model [24]. In particular, the
Roper resonance, N(1440) P11, is far better reproduced
than before and the same holds for N(1680) F15.
The present version of the relativistic quark-diquark
model predicts only one missing state below the energy
of 2 GeV (see Tab. II), while three quarks QM’s give
rise to several missing states [7]. For example, Capstick
and Isgur’s model [2] has 5 missing states up to 2 GeV,
the hypercentral QM [60] has 8, Glozman and Riska’s
model has 4 [61] and the U(7) model has 17 [3]. The only
missing resonance of our model, N 32
+
(1990), lies at the
same energy of the three star state N(2000) F15, which
was previously a two star state of the PDG [7]. Indeed
the two resonances, N 32
+
(1990) and N(2000) F15, have
the same quantum numbers, except for the total angular
momentum, because their spin (12 ) and orbital angular
5momentum (2) are coupled to JP = 32
+
or 52
+
. Thus,
to split the two resonances one should take a spin-orbit
interaction into account.
While the absolute values of the diquark masses are
model dependent, their difference is not. Comparing our
result for the mass difference mAV − mS between the
axial-vector and the scalar diquark to those reported in
Tab. III, it is interesting to note that our estimation is
comparable with all the others. Such evaluations come
from phenomenological observations [17, 18, 46], lattice
QCD calculations [49, 51], instanton liquid model cal-
culations [44], applications of Dyson-Schwinger, Bethe-
Salpeter and Fadde’ev equations [29, 45, 47, 48, 50, 52,
62] and constituent quark-diquark model calculations
[24, 42, 43, 63].
The whole mass operator of Eq. (1) is diagonalized
by means of a numerical variational procedure, based on
harmonic oscillator trial wave functions. With a varia-
tional basis made of N = 200 harmonic oscillator shells,
the results converge very well.
We think that the present paper can be helpful to the
experimentalists in their analysis of the properties of the
N and ∆-type resonances. Our quark-diquark model re-
sults may be compared to those of three quarks QM’s,
showing a larger number of missing resonances. Our re-
sults may then help the experimentalists to distinguish
between the two interpretations for baryons. Finally, in
the future we will use our quark-diquark model wave
functions to compute the nucleon electromagnetic form
factors and the helicity amplitudes of baryon resonances
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